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Abstract 

The original article expressed the special values of the zeta function of a variety 
over a finite field in terms of the Z-cohomology of the variety. As the article was be- 
ing completed, Lichtenbaum conjectured the existence of certain motivic cohomology 
groups. Progress on his conjecture allows one to give a beautiful restatement of the 
main theorem of the article in terms of Z-cohomology groups. 

As the article was being completedQ Lichtenbaum conjectured that there should exist 
complexes Z(r) of sheaves for the etale topology on a smooth variety X extending the 
sequence Z, G„j[— 1], ... (see Afterthought 10.7). It is now (2009il generally accepted 
that, for smooth varieties, Z(V) should be taken to be the complex of etale sheav es given by 
Bloch's higher Chow group^ (see for example the survey article lGeissei]|2005 ). The main 



theorem of my paper (Theorem 0. 1) has a beautiful restatement in terms of the Weil-etale 
cohomology of the complex Z(r), which I now explain. 



Review ofabelian groups 

In this subsection, we review some elementary results on abelian groups. 

Lemma 1. LetM be a subgroup of an abelian group N. IfM is bounded (i.e., nM = for 
some n> I) and pure (i.e., M n nN = nM for alln> I ), then M is a direct summand ofN. 



Proof. lKaplanskvlll954 Theorem 7, pl8, or iFuchsll 197(1 . 27.5. □ 

Lemma 2 . Let M be a subgroup of N, and let I" be a prime power IfMn FN = andM 
is maximal among subgroups with this property, then M is pure (hence a direct summand 
ofN). 

Proof. As 1"M C MnTN = 0, M is a bounded /-group. To prove that it is pure, one shows 
by induction onkeN thatMnl'^N C I'^M. See lFuchs|[l970l . 27.7. □ 

Every abelian group M contains a largest divisible subgroup Mdw, which is (obviously) 
contained in the first Ulm subgroup U{M) = n„>i«MofM. 



It was submitted in September 1983. 



^This addendum was posted on my website in 2009. 
■'There is an alternative complex defined by Suslin and Voevodsky, but Voevodsky (2002) proves (but doesn't 
state) that the two complexes are canonically isomorphic on smooth varieties. 
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Proposition 3. IfM/nM is finite for alln>l, then U{M) = Mdw. 



Proof. (Cf. iMilndl 19881 . 3.3) If U{M) is not divisible, then there exists an x G U{M) and 
a prime / such that x is not divisible hy I inU (M). For each n> I, there exists an element 
Xn of M such that l"x„ = x (because x eU (M)), and /""^x„ ^ U (M) (because x ^ IU{M)). 
Therefore, x„ has order exactly /" in M /U (M), and soM/U (M) contains finite subgroups S 
with dimF, 5'^'-' arbitrarily large. 

We claim that U{M/U (M)) = 0. Let x be an element of M that becomes divisible by n 
in M/U (M). Then there exists a j € M such that ny — x ^ U (M), and so ny — x = ny' for 
some y E M. Now x = — j'), and so x is divisible by n in M. This proves the claim. 

Let 5 be a finite subgroup of M/U{M) of /-power order. As U{M/U{M)) = and S 
is finite, there exists an n such that S Hi" {M/U (M)) = 0. By Zom's lemma, there exists a 
subgroup N of M/U (M) that is maximal among the subgroups satisfying (a.) N D S and (b) 
N r\l"{M /U (M)) = 0. Moreover, N is maximal with respect to (b) alone. Therefore N is a. 
direct summand of M/U (M) (Lemma|2ll, and so 

M')-^(M/i7(M))W~M(''. 

Hence 

dimF,M(') > dimF,A^^') > dimF,^^'^ 
which contradicts the hypothesis. □ 

Corollary 4. ffTM = and all quotients M/nM are finite, then U{M) is uniquely di- 
visible (= divisible and torsion-free=a Q-vector space). 

Proof. The first condition implies that Mjiv is torsion-free, and the second that U (M) = 
Mdiv. □ 

For an abelian group M, we let M/ denote the completion of M with respect to the /-adic 
topology. Any continuous homomorphism from M into a complete separated group factors 
uniquely through M/. In particular, the quotient maps M M/l"M extend to homomor- 
phisms Ml — )■ M/l"M, and these ind uce an isomorphism M/ — > lim M/FM. The kernel of 
M-^ Ml is f]nl"M. See|Fuc3ll970|, §13. 



Lemma 5. Let N be a torsion-free abelian group such that N/IN is finite. The l-adic 
completion Ni = ^im^ N/l"NofNisa free finitely generated Zi -module. 

Proof. Let ji , . . . ,3^,- be elements of N that form a basis for N /IN. Then 

= L'^yi + IN = ^'Lyi + K^Zyi + IN) = ■ ■ ■ = ^Zyi + FN, 

and so y\, ... ,yr generate N /FN. As N /FN has order F'' , it is in fact a free Z//"Z-module 
with basis {y\,. .. ,yr}- Let a € Ni, say a = {a„)neN with a„ € N/F^^N. Then 

an =C„aJl H hCn^ryr 

for some Cnj € As a„ maps to a„_i in N/FN and the c„.,- are unique, c„.,- maps to 

c„-ij in TL/FTL. Hence (c„^,)„gN G and it follows that {3^1 , . . . jjr} is a basis for A/^? as a 
Z/ -module. □ 
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Proposition 6. LetM and N be abelian groups and let 

be a bi-additive map. Assume that, for some prime I, n„ l"M = and N /IN is finite. If tiie 
pairing 

(pi: Ml xNi ^ Zi 

defined by <p on the l-adic completions ofM and N has trivial left kernel, then M is finitely 
generated. 

Proof. As n,i = 0, the map M M/ is injective. Choose elements y\,...,yr of N that 
form a basis for N /IN. According to the proof of ©, their images form a basis for Ni as a 
Z/ -module. Consider the map 

{<p{x,yi),...,(p{x,yr)): M ^T. 

If X is in the kernel of this map, then ^i{x,y) = for all y G Ni, and so x = 0. Therefore M 
injects into Z'', which shows that it is free and finitely generated. □ 



Values of zeta functions 

For reference, we state the following conjectures (X is a smooth projective variety over a 
finite field k). 

T''{X) (Tate conjecture): The order of the pole of the zeta function Z{X,t) at f = q^'' is 
equal to the rank of the group of numerical equivalence classes of algebraic cycles 
of codimension r onX. 

T'iXJ) (/-Tate conjecture): The map CH''(X) Q/ ^ H^''{X^t,Qi{r)f is surjective. 

S'iX,!) (semisimplicity at 1): The map H^' {X^t,Qi{r))^ ^ H^''{X6t,Qi{r))r induced by 
the identity map is bijective. 

The statement T''{X) is equivalen t to the con junction of the statements T''{X,l), T'^^''{X,l), 



and S''{X,l) for one (or all) I (see iTatdl 1994 2.9). 

Let X be a variety over a finite field k. To give a sheaf on X^t is the same as giving a sheaf 
on Xist together with a continuous action of P. Let Fq be the subgroup of F generated by the 
Frobenius element (so Fq ~ Z). The Weil-etale topology is defined so t hat to give a sheaf on 



Xwet is the same as giving a sheaf on X^t together with an action of Fq (lLichtenbaumll2005n . 
For example, for X = A", the sheaves on X^t are the discrete F-modules, and the sheaves 
on Xwet are the Fo-modules. For the Weil-etale topology, the Hochschild-Serre spectral 
sequence becomes 

H-{ro,Hj{X,t,F)) =^ H'+j{X^et,F). (1) 

Sinc^ 

//'(Fo,M)=Mr°,Mro,0,0, ... for / = 0, 1,2,3, ... , (2) 
this gives exact sequences 

^ H'-\X^t,F)ro ^ H\X^^„F) ^ H'{XeuFf° ^ 0, all / > 0. 



"^The sequence — > / — > Z[ro] — > Z — )> is a free resolution of Z regarded as Fo-module witli trivial action. 
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If F is a sheaf on X^t such that the groups H->{X^t,F) are torsion, then the Hochschild-Serre 
spectral sequence for the etale topology gives exact sequences 

^ H'-\X^i,F)r H\X^i,F) H\X^i,Ff 0, all / > 0. 

Thus, for such a sheaf F, the canonical maps H'{X^i,F) — )• //'(Xwet>^) are isomorphisms. 

There is an obvious element in {Spec{k)wet,'^) — ^^^0,^) — Hom(ro,Z), which 
defines, by cup-product, canonical maps 

e': H'iXwetMr)) ^ H'+\XwetMr)), 

and we let 

X{X^,um) = n^2,2.+i[^'(^Wet,Z(r))](-i)'z(e2'-) 
when all terms are defined and finite. Let 

X{X,ffx,r) = '£ o<Kr (-1)'+^' dim//^'(Z, a') 

0<j<d 

where d = dimX. 

For an abehan group M, let M' =M/U{M), and let x' {X-wet,'^{r)) equal xiXwetj^r)) 
but with each group H\X-^ii,'L{r)) replaced by H'{X\f^^i,Z{r)y . 

Theorem 7. LetX be a smooth projective variety over a finite field. IfT''{X) tiolds for 
some integer r > 0, ttien x' {Xwet,'^{r)) is defined, and 

C(X,.) ~ ±z'(Xwet,Z(r)) •^^(^'^-''■) ■ {l-q'-T'-- ^ss^r. (3) 

In particular, the groups H'{Xwet,'^{r)y are finite for i ^2r,2r-\- I. For i = 2r,2r+ I, they 
are finitely generated. For all i, U {H'{Xwet,'^{r))) is uniquely divisible. 

Proof. We begin with a brief review of Milnel 19861 . Let Vs{r) be the sheaf of logarithmic 
de Rham-Witt differentials on X^t killed by (ibid. p307). For an integer n = n^p^ with 
gcd(p,no) = 1, 

H\X,,,{Z/nZ){r)) H\X,,,^if;) y.H'-'\X,,Mr)\ and 
H\Xeut{r)) = hm^ //'(X^, (Z/nZ) (r)) 

(ibid. p309). There is an obvious element in (Spec(/:)et, Z) ~ (F, Z) ~ Homcont(r, Z), 
which defines, by cup-product, canonical maps //'(X(!t,Z(r)) — >//'+^(Xa,Z(r)), and 

;t(X,Z(r))^='n,^,^,2,+i[^'(^et,Z(r))](-i)'z(£2'-) 

when all terms are defined and finite (ibid. p298). Theorem 0.1 (ibid. p298) states that 
X{X,Z,{r)) is defined if and only if S''{X,l) holds for all Z, in which case 

i;{X,s)^±XiX,t{r))-qX'-^'^'>^'''^-{l-q'-')-P^ as s ^ r. (4) 

In particular, if S''{X,l) holds for all /, then the groups H'{X^i, Z(r)) are finite for all / 7^ 2r, 
2r+l. 

The first property of Z(r) that we shall need is the following^ 



^For an abelian group M, it is customary to define M{r) to be Z(r) ®M (Geisser 2005, pl96). Wiien 
M = Z/nZ, tiiis gives anotiier definition of tiie groups H'{X^i, {Z/nZ){r)) wiiich fiappily, because of property 
(A), coincides with the previous definition. 
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(A)„(, . For any integer mq prime to tiie characteristic of k, the cycle class map 

(z(r)^Z(r))^<'-[0] 

is a quasi-isomorphism (IGeisser and LevindbOOll . 1.5). 

(A) p. For any integer s >l, the cycle class map 

(z(r)^Z(r))^V,(r)[-r-l] 
is a quasi-isomorphism ( Geisser and Levine 20001 . Theorem 15). 
For each n>l and / > 0, (A) gives an exact sequence 

^ //'(Xwet,Z(r))("' ^ H\X,„ {Z/nZ){r)) ^ W+\Xw,„Z{r))n ^ 0. 

in which the middle term is finite. On passing to the inverse limit, we obtain an exact 
sequence 

O^H'{XweiMr)y^H'{X,„Z{r))^TH'+\XwetMr))^0 (5) 

in which the middle term is finite for / 7^ 2r,2r+ 1. As TH'^^(Xy^^i,Z{r)) is torsion-free, it 
must be zero for / 7^ 2r,2r+ 1. In other words, TH'{Xwet,Z{r)) = for / 7^ 2r+ l,2r + 2. 

So far we have only used conjecture S''{X,l) (all /) and property (A) of Z(r). To con- 
tinue, we need to use T''{X,l) (all Z) and the following property of Z(r). 

(B) There exists a cycle class map CH'^(X) — )• //^''(Xet,Z(r)) compatible (via 
(A)) with the cycle class map into H^^ {X^i,Z{r)) . 

The /-Tate conjecture T^{X,l) for all I implies that the cokemel of the map CW{X) 
Z //^''(Xet,Z(r)) is torsion. As this map factors through //^''(Xwet,Z(r))", it follows that 
TH^'+^Xw^tMr)) = and H^''{Xy^it,Z{r)y ~ H^''{X^t,Z{r)). Consider the diagram 



//2'-(Xwet,Z(r))' 



>//2'-(Xa,Z(r)) 



H 



2r+l 



(Xwet,Z(r))' 



2r+l 



(Xa,i(r)). 



As £ has finite cokemel, so does the bottom arrow, and so TH ^'^ {Xw^t,Z{r)) = 0. We 



have now shown that 
and so 



TH\XwetMr)) = for all / 



for all /. 



//'(Xwet,Z(r))^~//'(Xa,Z(r)) 
U {H\Xy^^i,Z{r)) is uniquely divisible 

In particular, we have proved the first statement of the theorem except that each group 
//'(Xwet,Z(r))' has been replaced by its completion. It remains to prove that //'(Xwetj^ (?■))' 
is finite for / 7^ 2r,2r+ 1 and is finitely generated for / = 2r,2r+ 1 (for then//' (Xweti^(''))" — 
H'{X^^,,Z{r))'®Z). 

The maps //'(Xwet7^(''))' H' {X-v^^i,Z{r)y are injective, and so H'{XyNe\.,Z{r))' is 
finite for/ 7^ 2r,2r+l. 

We next show that the groups //^''(Xwet,Z(r))' and //^'^+'(Xwet5^(''))' are finitely gen- 
erated. For this we shall need one last property of Z{r). 
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(C). There exist pairings 

Z(r) (S)^Z{s) ^Z{r + s) 
compatible (via (A)„) with the natural pairings 

MrxAtf^A^r+^ gcdin,p) = l; 

moreover, there exists a trace map H^''^^{X^f/^i,Z{d)) Z compatible (via 
(A)„) with the usual trace map in etale cohomology. 

For a fixed prime I ^ p, these pairings give rise to a commutative diagram 

//2'-(Xwet,Z(r))7tors x H^'^-^'+^XweiMd - r))' /tors >Z 



//2'-(Xft,Z,(r))/tors x H^^-^'-+\X^„Zi{d - r))/tors > 

to which we wish to apply Proposition |6] The bottom pairing is nondegenerate, 

[/(//2'"(Xwet,Z(r))')=0 

by Corollary |4j and the group //^''^^'^+^(Xwet;Z(J — r))^'^ is finite, and so the Proposition 
shows that H^''{Xweu^{r)y/ioTS is finitely generated. Because ?7(//2''(Xwet,Z(r))') = 0, 
the torsion subgroup of ^^[(Xwet,Z(r))' injects into the torsion subgroup of //^''(XgtiZ(r)), 
which is finite (Gabbeij[l983|). Hence //2'^(Xwet,Z(r))' is finitely generated. The group 
(Xwet, Z(r) )' can be treated similarly. □ 

Remark 8. In the proof, we didn't use the full force of T''{X), but only that T''{X,l) and 
S''{X,l) hold for all primes /. 

We shall need the following standard result. 

Lemma 9. Let A be a (noncommutative) ring and let A be the quotient of A by a nil ideal 
I (i.e., a two-sided ideal in which every element is nilpotent). Then: 

(a) an element of A is invertible if it maps to an invertible element of A; 

(b) every idempotent in A lifts to an idempotent in A, and any two liftings are conjugate 
by an element of A lying over 1^; 

(c) let a € A; every decomposition of d into a sum of orthogonal idempotents in A lifts to 
a similar decomposition of a in A. 

Proof. We denote a + / by a. 

(a) It suffices to consider an element a such that d = 1^. Then (1 — a)^ = for some 
N >0, and so 

a 

'(l-(l-a))(l + (l-a) + (l-a)2 + ... + (l-af-i) = 1. 

(b) Let a be an element of A such that d is idempotent. Then {a — a^Y = for some 
N > 0, and we let a' = (1 — (1 — a)^)^. A direct calculation shows that a'a' = a' and that 
d' = d. 

Let e and e' be idempotents in A such that e = e'. Then a = e'e + (1 — — e) lies 
above 1^ and satisfies e'a = e'e = ae. 

(c) Follows easily from (b). □ 
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Theorem 10. LetX be a smooth projective variety over a Unite field such that the ideal 
of 1-homologically trivial correspondences in CH'^™^ (X x X)q is nil for some prime I (e.g., 
X is an abelian variety), andletr^N. Then H'{X^i,Z{r)) is torsion for all i ^ 2r. IfT^{X) 
holds, then H^'\X^i,Z{r)) « Z"^ modulo torsion. 



Proof. This is essentially proved in |Jannsedl2007l pp 13 1-1 32, and so we only sketch the 



argument. Setd = dimX and let q= [k]. 

According to Lemma|9};, there exist orthogonal idempotents ttq, • • • , 7i2d in CH'^™^(X x 
X)q lifting the Kiinneth components of the diagonal in the Z-adic topology. Let h'X = 
{hX, Tii). Let P, (r) be the characteristic polynomial det(r — GJy |//'(Xet,Q/) of the Frobenius 
endomorphism SJx of X acting on //'(Xet,Q/). Then Pi{U5x) acts as zero h'^^^X, and so 
Pii^x)^ acts as zero on h'X for some N > I. But UJx acts as multiplication by g'' on 
K2r-i{xY''^ c^H'{X^uQ(.r)) where Kir-iixY'^ is the subspace of K2r-i{X)Q on which the 
nth Adams operator acts as for all r. Therefore //'(Xet,Q(r)) is killed by Piiq^f, which 
is nonzero for / ^ 2r (by the Weil conjectures). 

Tate's conjecture implies that P2r{T) = Q{T) ■ {T — q''^'' where 7^ 0- As before, 

P2r{(Ox)^ acts as zero on h^''X for some A'^ > 1. Now 

1 = q{T)Q{Tf + p{T){T - q'-fP', some q{T), p{T) G Q[T]. 

Therefore q{(iix)Q{^xY ^^d p{{Bx){(x!x — q'')^^'' are orthogonal idempotents in End{h^''X) 
with sum 1, and correspondingly h^''X = Mi ®M2. Now H^''{Mi , Q(r)) = b ecause Q(GJy) ^ 



is zero on Mi and Q{q'') 7^ 0. On the other hand, M2 is isogenous to (L®'')'''^ ( Jannsenll2007L 
pl32), and so H^''{M2,Z{r)) differs from 



by a torsion group. 



Theorem 11. LetX be a smooth projective variety over a finite field such that the ideal 
of l-homologically trivial correspondences in CH'^™''^ {X xX) is nil for some I (e.g., X is an 
abelian variety). If the Tate conjecture T''(X) holds, then x{Xweu'^{r)) is defined, and 

C(X,.) ~ ±x{Xw6tMr)) ■ • (1 - q'-')-'' as . ^ r. (6) 

In particular, the groups H' (Xwet, ^ ('') ) are finite for / 7^ 2r, 2r + 1 . For / = 2r, 2r + 1 , they 
are finitely generated. 

Proof. We have to show that the groups U' = U {H'{X-wet, '^{r))) are zero. If a Fo-module 
M is finitely generated modulo torsion, then so also are its cohomology groups //'(ro,M) 
(see Q). Since the groups //'(Xet,Z(r)) are finitely generated modulo torsion dTOl ). the 
spectral sequence ([Hi shows that the groups //'(Xwet,Z(r)) are also finitely generated mod- 
ulo torsion. In particular, //'(Xwet,Z(r)) does not contain a nonzero Q-vector space, and so 
U' = 0. 

Alternative proof for / = 2r. The hypotheses imply that the composite of the maps 

CW{X)^zQi^H^'{Xw6tMr))(^zQi^H'-'-{X,uQi{r)) 



is an isomorphism ( Kimura 2005 , 7.6; JannsenI 2007, 6.1.4). The kernel of b is U^'' ®q Q/, 



and the map a is an isomorphism (see below; not quite). It follows that U'^'' = 0, and so 
H^'' {X-^^i,Z,{r)) is finitely generated. □ 
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